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Abstract 

This study deals with the analytical design of a vibrational energy harvester which is com-

posed of functionally graded piezoelectric material. The effects of porosity existence on the 

responses of the FG piezoelectric MEMS bimorph cantilever beam is investigated with both 

axial and transverse deformations. Furthermore, Hamilton’s principle is utilized in order to 

obtain the governing equations of motion and also, they are solved by Galerkin method. 

Since the effect of elastic mode shapes related to lower frequencies are overcoming the high-

er frequencies mode shapes, some of the first mode shapes are utilized for studying the trans-

verse shape changing of Euler-Bernoulli beam. Moreover, the frequency response is carried 

out for the case of near resonance frequencies due to the effects of volume fraction index and 

porosity coefficient with different values. The output power of the energy harvester is pre-

sented with respect to the output resistance in order to obtain the enhanced efficiency. 

Keywords: piezoelectric; functionally graded materials; porosity; bimorph cantilever beam.  

1. Introduction 

During past decades, because of the wide range use of wireless sensors, vibrational energy 

harvesting has received significant attention. It is a green energy and almost available everywhere. 

Due to the environments and circumstances of wireless sensors, providing their required power for 

operation in the place would be appreciated. Though, piezoelectric cantilever beams are applied and 
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has many advantages over other transducers [1]. They are easy to apply without external power 

sources and also have high electromechanical coupling coefficient [2, 3]. In addition to that, these 

transducers could be used in different fields such as fire or gas detection, fault diagnosis and envi-

ronmental monitoring [4, 5].  

Most of the piezoelectric transducers operate near the natural frequency, but in some occa-

sions, low frequency vibrations are initial. So, output power enhancement is required by improving 

the materials or the shape of the transducer [6]. Piezoceramics and piezoelectric polymers are the 

two classifications of homogeneous piezoelectric materials. The electromechanical coupling coeffi-

cient of piezoceramics are significantly greater than piezoelectric polymers. As an advantage, pie-

zoelectric polymers are more flexible and endure high mechanical strain compared to the other one. 

Therefore, composite materials are fabricated as functionally graded materials (FGMs) to avoid 

stress concentration and crack propagation. They are advanced materials composed of different ma-

terials such as polymers, ceramics or metals in which, their properties vary over a specific spatial 

direction. In addition, FGPMs increase the durability of piezoelectric devices and produce larger 

displacements [7]. 

It was realized that during FGMs sintering process, voids of porosities could be created to af-

fect stiffness and reliability of structures [8]. They were air bubbles entering the matrix material 

during melting or mixing processes and it was because of the difference in solidification tempera-

tures of material constituents [9].  

Porous FG piezoelectric cantilever beams are widely utilized in different scale ranges for en-

ergy harvesting. The thickness stretching and porosity effects of FG beams was presented by At-

mane et al. The proposed beam was resting on an elastic foundation and using the Vavier technique, 

the closed form solutions were extracted [10]. Studying large amplitude vibrations of a porous Ti-

moshenko beam, a power-law model was proposed by Ebrahimi and Zia. It was found that the in-

crease in porosity, increases the ratio of nonlinear to linear resonant frequencies. Also, the mechani-

cal parameters of the beam was described by the model [11]. By employing a semi-analytical dif-

ferential transform method, thermo-mechanical vibrations of FG beams with porosities was studied 

by Ebrahimi and Jafari [12]. Furthermore, investigation of angular velocity effects on wave propa-

gation of FG porous piezoelectric nanobeams was carried out by Ebrahimi and Dabbagh. It was 

concluded that, higher phase velocity, wave frequency and escape frequencies would be the result 

of higher porosity [13]. In addition, based on the modified couple stress and Euler-Bernoulli beam 

theories, vibrations of imperfect FG porous tapered microbeams was studied by Shafiei et al. [14]. 

Using first order shear deformation theory, together with Eringen’s nonlocal elasticity theory, 

design and analysis of FG Timoshenko beam with non-uniform structure was presented by Lal and 

Dangi. Across the thickness, the beam was studied under linear and non-linear temperature profile 

[15]. In addition to that, prediction of the energy harvesting capabilities of a porous piezoelectric 

energy harvester was generated by Martinez-Ayuso et al. The estimation was based on Mori-Tanaka 

homogenization method and due to the presence of cracks and unpolarized regions in the material, 

the nominal values of the piezoelectric coefficients had important reductions [16]. Using finite ele-

ment method, mechanical vibration and bending of FG porous nanobeams were studied by Eltaher 

et al. The beam was thin and also simply supported. It was presented that, the decrement of the 

bending resistance and the fundamental frequencies of the beam is obtained by the increase of po-

rosity, nano-scale parameters and material graduation [9]. 

In this paper, design and analysis of a functionally graded porous piezoelectric cantilever 

beam is studied and the results are carried out in case of vibrational energy harvesting applications. 

The structure is composed of a cantilever beam with a proof mass attached to its free vibrating end. 

By analysing previous investigations and studying the proposed papers in energy harvesting field, it 

is tried to use the most suitable mathematical modelling procedure in order to obtain more enhanced 

results. 
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2. Material properties 

According to Fig. 1, it is assumed that the upper surface ( )/ 2z h= +  and the lower surface of 

the beam ( )/ 2z h= −  are covered with pure aluminium and pure brass, respectively where, the 

material properties varies smoothly from aluminium to brass through the thickness of the beam 

(along positive z direction). On the other hand, the mixing ratio of these two materials changes 

smoothly but continuously through the thickness of the microbeam. Hence, it could be assumed that 

the distribution of these properties through the thickness of the beam follows the linear volume frac-

tion mixing law and is derived from Eq. (1).  

 

Figure 1. Schematic representation of the bimorph FG porous piezoelectric cantilever beam with a tip mass 

 ( )0( ) ( )Al Al Br Br Al Br

m m
P P V z P V z E E

m

−
= + + +   (1) 

In above equation, PAl and PBr represent aluminium and brass surface properties, respectively. Ac-

cordingly, VAl and VBr are the upper and lower surfaces aluminium and brass volume fractions, re-

spectively where, in every thickness surface of the beam there is: 

 ( ) ( ) 1,          0 nAl BrV z V z+ =      (2) 

On the other hand, in Eq. (1), m0 and m represent beam’s mass per unit surface (in the absence 

of porosity 0 = ) and apparent mass per unit surface (in the presence of porosity 0  ) which are 

obtained from Eq. (3) and Eq. (4). 
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Using the simple power distribution law, the volume fraction of aluminium part could be described 

as following: 

 0 1
( ) ,          0 n

2

n

Al

z z
V z

h

− 
= +    
 

  (5) 

where, 0z  shows the microbeam’s physical neutral plane distance from geometric middle plane, h 

indicates the thickness of the substrate layer and n is a non-zero number which represents the power 
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exponent of functional composition materials. It describes the distribution of material in thickness 

direction. According to recent assumptions, elastic modulus, mass density and volume fraction of 

the microbeam could be expressed as [9, 17, 18]: 

   ( )0 01
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2

n

Al Br Br Al Br

z z m m
E z E E E E E

h m

− − 
= − + + + + 
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Using Eq. (6), the physical neutral plane displacement with respect to the middle plane is: 

 
0

( )

( )

zE z dz
z
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=



  (9) 

3. Axial force components and bending moment 

Based on the Euler-Bernoulli beam theory, field of displacement of points inside the mi-

crobeam in axial and transverse direction could be as below [19]: 

 
( )

( )

, , ( , , )

( , ) 0, ,

x
U x z t wu x z t

z
w x tW x z t

     
= −     
     

  (10) 

where, u and w represent the components of displacement of points on the middle neutral axis in 

axial and transverse directions in Cartesian coordinates, respectively. According to this theory, it is 

assumed that the deformation of the beam is only under the influence of bending where, normal 

lines on beam’s transverse sections, before and after deformation, still are perpendicular to the 

transverse plane. 

 ( )xx xxE Z =   (11) 

Based on recent simplification and by interfering the displacement effect of physical neutral 

plane with respect to the middle plane, the relation between axial strain and location changes could 

be as following: 

 ( )2

0

1

2
x x x xxu w z z w = + − −   (12) 

where, ( )2

0

1

2
m x x xxu w z z w = + − − expresses membrane strains and ( )0b xxz z w = − − expresses 

bending strains. Using Eq. (11) and employing equilibrium equation, the components of axial force 

and bending moment related to FG microbeam are obtained by integrating over its cross sections. 
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In above equation, by replacing x in Eq. (11) and using Eq. (13), components of axial force and 

bending moment could be presented in a standard and compressed form as: 
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where, A11, B11 and D11 are the axial rigidity, bending and bending-axial coupling coefficients of the 

beam, respectively which are derived by Eq. (16). 
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In Eq. (16), the components of piezoelectric force and moment are achieved by integrating over 

cross section. 
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On the other hand, noting that operational piezoelectric layers’ thickness is small, the effects of ap-

plied potential difference in thickness direction are overcoming the effects of induced potential, so 

the relation between electrical voltage and created electrical field is as below: 

 
( )

z

p

v t
E

h
= −   (18) 

4. The equation of motion of the beam 

One of the important variational principles in elastodynamics is Hamilton's principle. Unlike 

rigid bodies, deformable bodies could have infinite degrees of freedom and also, they can occupy 

continuous regions of space; consequently, continuous functions of space and time are used to de-

scribe the state of the system. Therefore, by the help of Hamilton’s principle, nonlinear equations of 

axial and transverse motions at the points existed on beam’s middle plane to the respect of location 

changes of axial and transverse indices could be obtained as below: 
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 (20) 

Previous investigations and studies on dynamic/static analysis of functional beams showed 

that the effect of elastic mode shapes related to lower frequencies are overcoming the higher fre-

quencies mode shapes. So, for studying the transverse shape changing of Euler-Bernoulli beam, 

Galerkin method is utilized in this paper and one could use some of the first mode shapes in which, 

satisfies the boundary conditions of edge-bearing support. Also, it helps to transform the dynamic 

coupled differential equations with partial derivatives to simple nonlinear differential equations. By 

the recent assumptions, the mechanical coordinate expression is expressed as: 
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where, M is the number of semi-waves in axial direction and qm is the maximum amplitude of shape 

change related to time in mode shape. Also, 
m  is the mass-normalized eigenfunction of the mth 

vibration mode. In addition to mechanical equations, in vibrational energy harvesting issues, an 

electrical equation is required, which is derived from the equivalent schematic circuit of the beam. 

The electrical equation used in this paper, is obtained from [20]. 

5. Results 

The beam is subjected to a proof mass which is 1.82 gr and the other end of the beam is fixed. 

The length and the width of the microbeam are 20 mm and 14 mm, respectively and the height of the 

FG piezoelectric layer is 0.06 mm and the substrate layer is 0.04 mm. Table 1 presents the geometric 

and material parameters of the system. 

Table 1. Geometrical and material parameters 

Parameter Sign PZT-5A Brass Aluminium Steel 
Density (kg.m-3) ρ 7750 9000 2700 7850 

Layer’s length (mm) l 20 20 

Layer’s width (mm) b 14 14 

Layer’s height (mm) h 0.06 0.04 

Permittivity constant (nF.m-1) ε33 13.3 

Resistance (Ω) R 1000 

Volatile fractional composition index n 0.5 

 

Fig. 2 shows the output power of the microbeam in the presence of different values of output 

resistance. According to Ohm’s Law, the output resistor adjusts output current and voltage in order 

to obtain maximum power. It is clear that the power increases sharply with resistance increment 

until approximately 75 Kohm. Then, it decreases slowly with resistance increment. It would be con-

cluded that by placing a 75 Kohm resistor at microbeam’s output, it could have the maximum output 

value. Moreover, the power exponent has impacts on the output power, too. The diagram is plotted 

for 5 different values of power exponent and is shown that, increasing it, will decrease the output 

power. Furthermore, frequency response plays an important role in microbeam analysis. In this part, 

the output voltage of the system is studied with frequency changes in the presence of different pow-

er exponents. According to Fig. 3, the maximum output voltage is achieved in approximately 220Hz 

 

Figure 2. Output power with respect to the resistance for different values of volume fraction index 
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and it is shown that power exponent increment, decreases output voltage. Finally, it is true that both 

output power and output voltage decrease with power exponent increment. 

 

Figure 3. Frequency response of the beam for 5 different values of volume fraction index 

Another frequency response analysis could be presented by changing the porosity coefficient. 

The study shows that the porosity coefficient has impacts on output voltage and increasing it, in-

creases the output voltage, respectively. It is drawn in Fig. 4. 

 

Figure 4. Frequency response of the beam with respect to different values of the porosity coefficients 

6. Conclusion 

In this paper, a porous FG piezoelectric cantilever beam energy harvester is designed and the 

mathematical modelling is presented. It has been tried to enhance the efficiency of the energy har-

vester. Supposing both axial and transverse deformations, the system equations are derived and 

solved by Galerkin method. Furthermore, three figures are presented which are the most important 

concerns in such analyses. It is declared that by choosing the best value for the output resistance, 

the output power would reach its maximum amount. Also, in the presence of FGMs and porosities, 

there are two significant parameters which are the power exponent and the porosity coefficient. The 

impact of these parameters is presented in two separate figures. Due to the fact that vibration of a 

beam has a contrariwise relation with stiffness, it would be concluded from Fig. 2 and 3 that as the 

characteristics of the FGM changes from aluminum to brass by the increment of power exponent, 

the stiffness of the beam increases which results in the decrement of both output power and voltage. 
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